ABSTRACT The reliability analysis of complex repairable systems is an important but computationally intensive task that requires fitting the failure data of whole life cycles well. Because the existing reliability models are mainly based on the assumptions that systems are either unrepairable or will go through an ''as good as new'' type of repair which does not describe actual situations effectively and precisely, a twosegment failure intensity model based on sectional non-homogeneous Poisson process is developed. This model is capable of analyzing repairable systems with bathtub-shaped failure intensity. It considers minimal maintenance activities and preserves the time series of failures based on the whole life cycle. The advantages of this model lie in its flexibility to describe monotonic, non-monotonic failure intensities and its practicality to determine the burn-in or replacement time for repairable systems. Three real lifetime failure data sets are applied to illustrate the developed model. The results show that the model performs well regarding the Akaike information criterion value, mean squared errors, and Cramér-von Mises values.
I. INTRODUCTION
The idealized failure pattern of complex repairable systems can be described with bathtub-shaped failure intensity, which goes through three periods: early failure, random failure, and wear-out failure. However, the patterns may not cover all three periods in actual situations or may show more diverse shapes [1] , such as increasing, decreasing, or unimodal in addition to bathtub-shaped behavior. Modeling the failure process with the proper shape of failure intensity is important for reliability evaluation and maintenance scheduling of repairable systems, since the characteristics of the failure process can contribute to eliminating incipient defects, extending the useful life, and reducing operating costs of systems.
To better fit the data sets in various shapes such as the bathtub shape, the Weibull family of probability distributions has been widely used and constantly modified based on the assumptions that systems cannot be repaired or undergo the ''as good as new'' type of repair. Almalki and Nadarajah [2] summarized the existing modifications of the Weibull distributions, among them, the exponentiated Weibull family [3] , [4] , the modified Weibull extensions [5] - [8] , the beta Weibull family [9] - [11] , and the additive modified Weibull distributions [12] - [14] have been proposed and improved sufficiently to describe the bathtub-shaped failure rate. Based on these modifications, the compound Weibull distributions have also been developed and can be categorized into groups such as mixture, competing risk, multiplicative, and sectional models [15] - [18] , which meet the need to fit the bathtub-shaped failure rate more flexibly.
However, the main weakness of these models is that they neglect the time series of failures and the effect of maintenance, which implies that the systems are assumed to be unrepairable or repaired as good as new. When it comes to repairable systems, the reliability model could be considered as a failure intensity process, and the most common model is the non-homogeneous Poisson process (NHPP) [19] . This family of NHPP models assumes that the repair time is not counted and the repair could only restore the product to the same condition as before it failed. Asher and Feingold [20] established a combined log-linear process (LLP) and power law process (PLP) model (LLP-PLP), which could be considered as a competing risk model representing early and wear-out failure periods, respectively. The superposed power law process (S-PLP) model provided by Pulcini [19] was based on the same idea and is composed of two independent PLPs. However, S-PLP is not able to control the failure intensity with infinite growth when repairable systems work for a long time. Guida and Pulcini [21] developed a four-parameter NHPP model called a bounded bathtub intensity process (BBIP) to improve this drawback. In order to achieve a more flexible bathtub-shaped failure intensity, Wang and Lu [22] drew on the idea of mixture distributions, and then proposed a mixture model of bounded Burr XII failure intensity and bounded intensity process (M-BBXII&BIP), which inspires more possibilities for reliability modeling.
Although the prior models can evaluate the reliability of repairable systems, it is found that any given model lacks the flexibility to describe the failure intensity in different life periods or various shapes. Furthermore, the modification forms make it difficult to estimate the change points of different life periods in order to determine the early failure elimination time or replacement schedules.
Accordingly, these studies motivated us to develop a new failure intensity model for repairable systems, which can both describe the bathtub-shaped failure intensity more accurately and flexibly, and estimate the change points more easily for decision-making in reliability analysis. The model borrows the structure from sectional models of compound Weibull distributions. Each segment is generated based on an independent NHPP instead of the Weibull distribution. By introducing an adjustment factor and different parameter combinations, the failure intensities in bathtub shapes, as well as other monotonic, non-monotonic shapes can be characterized.
The differences between the developed model and the existing works are: (a) The developed model uses the form of a two-segment function and adjusts parameter values to interpret different combinations of life periods of the bathtubshaped failure intensity. (b) The developed model has the flexibility to depict failure intensities in various shapes. In addition to bathtub shapes, it can also fit increasing, decreasing, and unimodal shapes. (c) The developed model makes it easy to determine the burn-in or replacement time by directly deriving the change point of two-segment function, which can contribute to making appropriate decisions in practical engineering.
The rest of the paper is organized as follows. The developed model is introduced in Section II, together with its cumulative failure intensity function, probability density function (PDF) and cumulative distribution function (CDF). Section III discusses some typical properties, including the quantiles, order statistics, and moments. Section IV describes the procedure for parameter estimation using the maximum likelihood method, and Section V shows the fitting results of three real data sets and compares them with some other extended models. Section VI presents the conclusions.
II. MATHEMATICAL MODELING OF THE TWO-SEGMENT BATHTUB-SHAPED FAILURE INTENSITY
This section presents the mathematical modeling of the twosegment failure intensity function and discusses its ability to describe bathtub-shaped failure processes of repairable systems. First, the derivation of the failure intensity function, the cumulative failure intensity function, the PDF, the CDF, and the reliability function are provided. Then, a further study of the failure intensity function shows that each failure period during the bathtub-shaped failure process can be flexibly interpreted with different parameter combinations of the developed model.
A. ESTABLISHMENT OF THE FAILURE INTENSITY MODEL
The modified NHPP model was developed based on the assumption that products are repairable with a minimal maintenance strategy. It means that the complex electromechanical product begins to work at t = 0 when a failure occurs, the failing component will be repaired or replaced, the product can only return to its previous state before the failure occurred, and maintenance time can thus be ignored.
Therefore, the developed failure intensity model is defined as
where λ 1 , β 1 , λ 2 , β 2 , t 0 > 0, t ≥ 0, among which λ 1 , λ 2 denote the intensity parameters, β 1 , β 2 denote the shape parameters, b is introduced as an adjustment factor, which could improve the model's flexibility, and t 0 denotes the change point of NHPP corresponding to different failure periods.
The cumulative failure intensity function is
There are six parameters in total, which makes the model more complicated and inconvenient to use. Thus, two constraints attached as failure intensity function and cumulative failure intensity function are both continuous at t 0 , so the functions should satisfy with
By solving (3), we can get
Then the number of parameters of the developed model is four instead of six. Meanwhile, the change point t 0 can be directly derived, taking advantage of the piecewise properties of the two-segment model.
The PDF of the i-th failure at S i assuming that the (i-1)-th failure occurred at S i−1 is given by [21] 
So the reliability function is derived from
Then the CDF is given by
The corresponding unconditional PDF of the i-th failure of the developed model takes the following form
The reliability function and the CDF can be derived from
and
Depending on the reasonable parameter values, the given two-segment failure intensity model shows sufficient flexibility to accommodate various shapes, including increasing, decreasing, unimodal, and bathtub, which are illustrated in Fig. 1 with certain parameter values.
B. CHARACTERISTICS OF THE FAILURE INTENSITY FUNCTION
As one of the key metrics, failure intensity reflects the performance of repairable systems over the whole life cycle. In particular, for complex electro-mechanical systems, the general shape of their failure intensities shows a bathtub-shaped behavior. With the ability to depict monotonic and nonmonotonic failure patterns, the developed model especially describes the bathtub-shaped failure intensity better than the existing modified models owing to its flexibility of modeling different combinations of life phases. First, the model contains different parameters for each of the two segments, such as λ 1 , β 1 for the first section and λ 2 , β 2 for the second section, which makes it possible to simulate different phases, respectively. Second, owing to the introduced parameter b, the developed model can connect the curves in different stages by adjusting the left and right position of the second segment curve, so ω(t) and W (t) would be continuous at the inflection point. As a result, the flexibility of the model is improved in order to fit the bathtub-shaped failure intensity over the whole life cycle.
Three proven cases are presented. For Case 1 shown in Fig. 2 , the developed model using different parameter values is able to describe the failure process during early and random failure periods. When the combination of parameter values is adjusted, a random failure period followed by a wear-out failure period, and an early failure period followed by a wear-out failure period can also be interpreted by the developed model. These combinations are presented as Case 2 in Fig. 3 and Case 3 in Fig. 4 , respectively.
Further analysis proves that among the three cases of parameter combinations, the shape of the failure intensity in the early failure period is mainly sensitive to β 1 and λ 2 , which can be seen in Figs. 2(b) and (c), and λ 1 has almost no effect on the slope of this phase, as seen in Fig. 2(d) in Case 1. In Case 2, the shape of the failure intensity in the wear-out failure period is more sensitive to β 2 and λ 2 , as can be seen in Figs. 3(a) and (d); correspondingly, it is much less sensitive to λ 1 and β 1 as seen in Figs. 3(b) and (c). For Case 3, Figs. 4(a) and (d) show that the failure intensity of the wearout period is mainly determined by λ 2 and β 2 , and the initial failure intensity is mainly determined by λ 1 and β 1 , which is shown in Figs. 4(b) and (c). As for the random failure period, it can be inferred from Fig. 2(a) and Fig. 3(d) that the failure intensity is mainly affected by β 2 and the length of this period is sensitive to λ 2 .
III. SOME PROPERTIES OF THE MODEL
This section presents the closed-form expressions for some typical properties of the developed failure intensity model, which includes the quantiles, the order statistics, and the moments. 
A. QUANTILES AND ORDER STATISTICS
q-quantile can be defined as the value of t q when it satisfies the following formula:
Since the CDF of the developed model has the expression as (10), the CDF is obtained from (12) 
Then the q-quantile is the solution of the following equation
However, no closed-form expression of t q can be got from (13) , so numerical analysis such as the NewtonRaphson method is used to obtain the numerical solution.
Thus, we propose an algorithm to generate order statistics from the developed failure intensity model. Order statistics are known as the most fundamental tools in non-parametric statistics and inference, and they can be adopted as random samples of failures in our model. The data can be generated by the following procedure:
1) Determine N (t) = n, where N (t) denotes the number of failures until the product runs to time t.
2) Define the joint probability density of the order statistics S 1 , S 2 , · · · , S n given by
and we learn from the properties of NHPP that
Therefore, the joint probability density of the order statistics S 1 , S 2 , · · · , S n with the condition that N (t) = n can be derived as
It is obvious that the generated random data with a sample size of n should have the PDF expressed as
3) Generate the random data S 1 , S 2 , · · · , S n following (17), and order them from smallest to largest. 
B. MOMENTS
Moments are helpful in practical applications. For instance, they can help determine the expected times to failure in our model. The moment-generating function of S i that follows the developed model is defined by
The k-th moment of the developed model is obtained by
So the expected time to the i-th failure is equal to the first moment, which is given as
And the variance of the time to i-th failure can be derived from the first and second moments.
Var
where
IV. PARAMETER ESTIMATION
In order to estimate the parameters of the developed model, for both time truncation and failure truncation, assume S 1 , S 2 , · · · , S n are the time to failure (TTF) data. Let 0 < S 1 < · · · < S τ ≤ t 0 < · · · < S n ≤ T , where T is the truncation time, the corresponding log-likelihood function is given by
When it comes to the failure truncation, T is replaced by S n in (22) .
Taking the time truncation as an example, substitute b in (4) into (22) , the first partial derivatives of (22) with respect to four parameters of the model are obtained (23) , as shown at the bottom of the next page.
By setting (23) to zero, the maximum likelihood estimators of λ 1 , β 1 , λ 2 , β 2 could be obtained through (23) . There are no analytic solutions, thus, numerical optimization methods are programmed by statistical software to obtain the numerical solutions.
V. CASE STUDY
This section analyzes three real data sets to demonstrate the flexibility and practicality of the developed two-segment failure intensity model. The data sets are taken from Guida and Pulcini [21] , Syamsundar and Naikan [23] , and the field data collection, respectively. The fitting results of the developed model are compared with the aforementioned modified models, including S-PLP, LLP-PLP, BBIP, and M-BBXII&BIP. These models have been developed and improved to describe non-monotonic failure intensities for repairable systems under minimal repair, especially with bathtub shape, which coincides with our basic premise. Akaike information criterion (AIC), mean squared error (MSE), and Cramér-von Mises (C-V) [22] , [25] are calculated as fitting evaluation criteria.
A. CASE 1: POWERTRAIN SYSTEM OF 514 BUS
The data in Table 1 represent the failure process of the powertrain system of bus 514; the travel distance (unit = 1000 km) is adopted as the TTF data in this case. The data were collected from 1999, when the system was initially put into service, until the end of December 2004. The system shows a non-monotonic trend under a minimal repair strategy, and it has been proved to have an approximately bathtub-shaped failure intensity [22] , which meets the assumptions of the developed model. Table 4 lists the AIC, MSE, and C-V values of the developed model for the bus 514 data in comparison with the results of S-PLP, LLP-PLP, BBIP, and M-BBXII&BIP. Table 4 shows that our model has the smallest C-V value among these considered modified models. From the perspective of goodness-of-fit, these values indicate that the developed model could provide a better fit than the other comparative models. The developed model also has the optimal AIC, MSE, and C-V values among all the
VOLUME 6, 2018 comparative models, which leads to the conclusion that the developed model is best able to fit this failure process. Fig. 5 depicts the failure intensity curves of the developed model with S-PLP, LLP-PLP, BBIP, and M-BBXII&BIP for fitting the bus 514 data set. It can be observed that the developed model is flexible enough to describe the change of failure intensity in early and wear-out failure periods. The failure intensity curve of the developed model is closer to the empirical histogram compared with the other four curves.
B. CASE 2: STEAM EXHAUSTER
The failure data of a steam exhauster in a continuously operating casting machine are shown in Table 2 . The steam exhauster is under minimal repair. This data set contains a total of 17 failure times (unit = days), which was recorded in 2004 and lasted more than a year.
Next, the total time on test transform (TTT-transform) plot is used to test the behavior of the failure intensity for this failure data set. The TTT-transform plot for repairable products is a commonly used graphical technique for giving information about the failure intensity trend [26] . Fig. 6 shows the empirical scaled TTT-transform plot for the steam exhauster data t 1 , t 2 , · · · , t 17 . The statistic of the empirical scaled TTT-transform is derived from
The plot of (r/n, u r ), r = 0, 1, · · · , n is then obtained as shown in Fig. 6 . Compared with the constant failure intensity curve (45 • line), the TTT-transform curve follows an s-shape, which is concave in the left part and convex in the right part. The data can be interpreted to have the feature of a unimodalshaped failure intensity [6] . Therefore, the developed model may be suitable to fit this data set.
From the AIC, MSE, and C-V values of the five comparative models presented in Table 5 , it is observed that our model has the smallest AIC, MSE, and C-V values among these considered modified models. We can come to the conclusion that the developed model can provide the best fit for a failure process with a unimodal-shaped intensity.
Finally, the failure intensity curves of the developed model with the comparative four models for fitting the steam exhauster data set are plotted in Fig. 7 , and the conclusion is consistent with that obtained from Table 5 . It is obvious that the fitting curve of our model follows the trend of data most closely, however, the fitness of the other four models deviates widely from the developed model, among which the LLP-PLP cannot even meet the expected failure pattern.
C. CASE 3: GANTRY MILLING MACHINE
TTF samples (unit = hours) of a gantry milling machine are presented in Table 3 , which contains 48 failures in total during the observation period from January to August of 2014, and the censoring time is t 48 = 4144 h. Since the gantry milling machine is a repairable product with the features of large size, complex structure, and high price, a minimal repair strategy has always been adopted to maintain product reliability and control maintenance costs, which satisfies the presupposition of the developed model. The TTT-transform plot is then used to test if the failure intensity of the TTF samples has a bathtub-shaped or other behavior, which is shown in Fig. 8 . Compared with the constant failure intensity curve (45 • line), the TTT-transform curve is first convex then concave, which implies the TTF samples have a bathtub-shaped failure intensity [27] .
S-PLP, LLP-PLP, BBIP, and M-BBXII&BIP are adopted to fit the data set in comparison with the developed model. The parameters of the different models are estimated by a simulated annealing algorithm, and AIC, MSE, and C-V are listed in Table 6 . Among them, the developed model has an optimal MSE value and the second smallest C-V and AIC values, therefore it appears that the developed model can adequately describe the failure pattern of this data set in actual situations. This can also be learnt from the failure intensity curves shown in Fig. 9 . The curves of the developed model, S-PLP, LLP-PLP, and the M-BBXII&BIP mostly coincided with each other, whereas the BBIP curve is inconsistent with the expected failure patterns.
For further application in reliability analysis, the developed model can determine the burn-in time of the gantry milling machine in this case. The curve of the developed model in Fig. 9 implies the failure intensity is relatively high during VOLUME 6, 2018 the early failure period and then decreases to a stable status in the random failure period, which may result from design, manufacturing, and assembly defects. Therefore, the burn-in technique can be used to eliminate early failures and improve reliability.
By substituting the estimated parameters of the developed model in Table 6 in (4), the burn-in time is easily obtained as
From this perspective, the developed model provides the best interpretation for this application.
VI. CONCLUSION
A bathtub-shaped failure intensity model with two segments based on the whole life cycle of complex repairable systems has been developed in this paper. The model assumes systems under minimal repair and preserves the time series of failure data. It makes small changes to the NHPP model by employing the characteristics of segmentation and introducing an adjustment factor.
The advantages of the developed model are that it can fit TTF data with bathtub-shaped failure intensity accurately and, at the same time, the form is kept simple and direct. The flexibility is extended to adapt failure intensities of different life periods, and describe failure patterns with increasing, decreasing, and unimodal behaviors besides the bathtubshaped behavior, which makes the model more in line with the diversity and complexity in engineering.
In order to demonstrate the feasibility of the developed model, three real lifetime data sets were analyzed and compared with S-PLP, LLP-PLP, BBIP, and M-BBXII&BIP models in common use. The results show that the developed model can provide a better fit than the other four models for failure intensities in various shapes, and it is easy to implement parameter estimation to obtain the change point directly. Furthermore, the application in the gantry milling machine demonstrates the practical value of the model in engineering to determine the burn-in time and replacement time. Therefore, the developed model is potentially a good choice for describing bathtub-shaped failure intensity. 
